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TWISTING TYPE N VACUUMS WITH COSMOLOGICAL
CONSTANT
DEDICATED TO THE MEMORY OF JERZY F PLEBASKI
PAWE NUROWSKI
Abstrat. We provide the rst examples of vauum metris with osmolog-
ial onstant whih have a twisting quadruple prinipal null diretion.
MSC lassiation: 83C15, 83C20, 83C30, 83F05
In a joint paper with Jerzy F Pleba«ski [10℄, among other things, we provided a
maximally redued system of vauum Einstein equations
Ric(g) = Λg
for twisting type N spaetimes (see [13℄, Ch. 29, for a denition). After writing
down the redued equations we onluded the rst setion of [10℄ with a remark
that it is very diult to nd a single solution to the presented equations when
Λ 6= 0.
Atually the problem of nding twisting type N vauums, with the osmologial
onstant Λ = 0 or not, is one of the hardest in the theory of algebraially speial
solutions. If Λ = 0, the only expliit solution is that of Hauser [3℄. It is expliit in
the sense that it an be expressed in terms of hypergeometri funtions. Very few
other twisting type N vauums with Λ = 0 are known. Unlike Hauser's solution
they are not that expliit anymore. At best they may be expressed in terms of a
quite ompliated nonlinear ODE of the third order [1, 2, 4, 8℄.
The main diulty with twisting type N vauums with Λ = 0 is that the equa-
tions are strongly overdetermined, and it is very diult to guess an ansatz whih
will not lead to the Minkowski metri as the only solution.
Having all this in mind we present the following metri:
g =
1
s2y2 cos2( r
2
)
×(0.1)
(
3
2
(dx2 + dy2) + (dx+ y3du)
(
ydr + 1
3
y3 cos rdu + (2 + 7
3
cos r)dx + 2 sin rdy
))
.
Here (x, y, u, r), with ranges −∞ < x, u <∞, 0 < |y| <∞, |r| < pi, are oordinates
of the spaetime desribed by g; the quantity s is a real nonzero onstant, whih
we regard as a free parameter.
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A short alulation
1
leads to the following remarkable
Proposition 0.1. The metri (0.1) satises the vauum Einstein's equations
Ric(g) = −s2g
with a negative osmologial onstant Λ = −s2.
The metri is of Petrov type N. In an apropriate null oframe its only nonvanishing
Weyl spinor oeient is
Ψ4 =
14
3
s2
y2
e−
ir
2 cos3
r
2
, with Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0.
The vetor eld k = ∂r is tangent to a twisting ongruene of null and shearfree
geodesis, whih is alligned with the quadruple prinipal null diretion of the Weyl
tensor for g.
Thus the metri (0.1) provides an example of a twisting type N Einstein metri
with negative osmologial onstant ; an example that we were missing when writing
the joint paper [10℄ with Pleba«ski.
The following remarks are in order:
Remark 0.2. The twisting ongruene of shearfree and null goedesis tangent to the
vetor eld k = ∂r of Proposition 0.1 orresponds to a quite nontrivial 3-dimensional
CR struture [5℄. This is not CR equivalent, even loally, to the Heisenberg group
CR struture [5℄, whih is the underlying CR struture of the Hauser solution [12℄.
This implies that the solution (0.1) does not lead to a Hauser metri by means
of any kind of limitting proedure, suh as for example Λ → 0. It is quite ironi
that it is the same CR struture that was used in [10℄, Setion 5, to onstrut an
example of a metri whih satises the Bah equations and whih is not onformal
to an Einstein metri.
Remark 0.3. The metri (0.1) is not aidental. It appears as one of the simplest
examples in our reent formulation of the twisting vauum Einstein equations with
osmologial onstant [5℄. In [5℄ we generalized our earlier results [7, 9℄ on 4-
dimensional Lorentzian spaetimes (M, g) satisfying the Einstein equations Rµν =
Φkµkν , with kµ being a vetor eld tangent to a twisting ongruene of null and
shearfree geodesis, to the ase of a nonvanishing osmologial onstant Λ. We
proved that the metri g of a spaetime (M, g) satisfying
(0.2) Rµν = Λgµν +Φkµkν ,
with k as above, fatorizes as
(0.3) g = Ω−2gˆ, Ω = cos( r
2
),
where gˆ is periodi in terms of the null ooordinate r along k = ∂r. We further
showed that if g satises (0.2), then M is a irle bundle S1 → M → M over a
3-dimensional stritly pseudoonvex CR manifold (M, [(λ, µ)]), and that
(0.4) gˆ = p2[µµ¯+ λ(dr +Wµ+ W¯ µ¯+Hλ)],
with
(0.5) W = iae−ir + b, H =
n
p4
e2ir +
n¯
p4
e−2ir + qeir + q¯e−ir + h.
1
Nowadays this an be done by a symboli omputer alulation pakage!
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Here λ (real) and µ (omplex) are 1-forms on M suh that k−|λ = k−|µ = 0,
k−| dλ = k−| dµ = 0, λ ∧ µ ∧ µ¯ 6= 0 and, the funtions a, b, n, q (omplex) and p, h
(real), all of whih are independent of r, satisfy
a = c+ 2∂ log p
b = ic+ 2i∂ log p
q =
3n+ n¯
p4
+
2
3
Λp2 +
2∂p∂¯p− p(∂∂¯p+ ∂¯∂p)
2p2
− i
2
∂0 log p− ∂¯c(0.6)
h = 3
n+ n¯
p4
+ 2Λp2 +
2∂p∂¯p− p(∂∂¯p+ ∂¯∂p)
p2
− ∂¯c− ∂c¯.
Here the r-independent omplex funtion c is dened via
dµ = 0, dµ¯ = 0,
dλ = iµ ∧ µ¯+ (cµ+ c¯µ¯) ∧ λ,(0.7)
and the operators (∂0, ∂, ∂¯) are vetor elds on M , whih are algebrai dual to the
oframe (λ, µ, µ¯) on the CR manifold M . The only unknowns, n and p satisfy the
following system of PDEs on M :
∂n+ 3cn = 0,(0.8)
[ ∂∂¯ + ∂¯∂ + c¯∂ + c∂¯ + 1
2
cc¯+ 3
4
(∂c¯+ ∂¯c) ]p =
n+ n¯
p3
+ 2
3
Λp3.(0.9)
Note that the above funtions a, b, c, h, n, p, q dene a vauum metri g via (0.3) i,
in addition to equations (0.8)-(0.9), the funtions n and p satisfy also the equation
Φ = 0. This is quite nasty nonlinear PDE relating n, p and c.
In this ontext our solution (0.1) is very simple. It is given by:
λ =
2y4
3
(du +
dx
y3
), µ = dx+ idy, c = −2i
y
,
n = 0, p =
√
3
2sy
, s2 = −Λ,
as an be easily heked by a diret alulation using denitions (0.3)-(0.7). It
is a mirale that in addition to the pure radiation Einstein equations (0.8)-(0.9),
this solution satises the vaum ondition Φ = 0, and simultaneously the type N
onditions Ψ0 = Ψ1 = Ψ2 = Ψ3 = 0, Ψ4 6= 0. This shows that the formulation of
the twisting Einstein equations desribed in [5, 7, 9℄ has an unexplored power.
Remark 0.4. Atually the solution (0.1) is only the simplest one from a larger lass
of twisting type N vauums with osmologial onstant ontained in (0.3)-(0.9).
These solutions are obtained by taking
λ = − 2
f ′(y)
(
du+ f(y)dx
)
, µ = dx+ idy, c =
if ′′(y)
2f ′(y)
,(0.10)
n = 0, p = p(y),
with real funtions f = f(y) and p = p(y). With this hoie the twisting type N va-
uum Einstein equations with osmologial onstant are equivalent to the following
system of two 3rd order ODEs:
9
4
pf ′f ′′′ + 3p′f ′f ′′ − 3pf ′′2 − 3p′′f ′2 + 4Λp3f ′2 = 0,(0.11)
4 PAWE NUROWSKI
3pf ′
(
3f ′
2
p′′′ + 2f ′′(9p′f ′′ − 5f ′p′′)
)
+ 3f ′
2
p′(5f ′p′′ − 14p′f ′′)− 12p2f ′′3 =
152Λp3f ′
2
(pf ′′ − 2p′f ′).
It an be heked by diret alulation that every solution p = p(y), f = f(y) of
these two equations, after being inserted into (0.10) and (0.3)-(0.6), gives a metri
g, whih satises Einstein's vauum equations Ric(g) = Λg and is of Petrov type
N, having k = ∂r tangent to a twisting ongruene of null geodesis. The only
nonvanishing Weyl spin oeient for these metris is
Ψ4 = −
2e−
ir
2 cos3 r
2
27p2f ′2
Λ
(
8Λp4f ′
2
+ 27f ′
2
p′
2
+ 12p2f ′′
2
+ 3pf ′(f ′p′′ − 13p′f ′′)
)
.
Equations (0.11) admit nontrivial solutions. The simplest of them leads to our
metri (0.1). Note that if Λ→ 0, then also the Weyl oeient Ψ4 → 0. Hene the
metri g beomes at. This shows that none of the solutions (0.11) an be obtained
as a Λ-deformation of the Hauser solution.
Remark 0.5. Sine, as disused in [6℄, every metri (0.3)-(0.9) is relevant for Pen-
rose's `before the big bang' argument [11℄, the type N metris orresponding to
solutions of (0.11) onstitute a nie set of expliit examples in whih Penrose's
ideas an be tested.
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